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ABSTRACT

This report describes research accomplished from June

29, 1965 to June 28, 1966 under Contract No. NAS 8-20222,

Improved Fluid Dynamics Similarity, Analysis and Verification.

Results are presented for three major areas of study:

i. Single phase flow during discharge of liquids

2. Two phase flow in the absence of heat transfer

3. Fluid flow and energy transport in a confined

±iquid subjected to heat transfer

Similarity,parameters obtained by means of dimensional

analysis are given. Analytical results, incorporating the

various physical effects of importance, are presented

graphically in terms of the similarity parameters obtained.

Experimental data are also presented graphically in order

to verify the similarity parameters, to indicate the

operating ranges for which these parameters are important,

and to evaluate the accuracy of the analytical results.
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INTRODUCTION

Full scale testing of large liquid propellant and

oxidizer supply systems can be time consuming, expensive,

and in some cases inconvenient. For these reasons it is

frequently appropriate that scaled down laboratory models

be considered. It might be desirable, for example, to

ascertain the performance of a large system in advance of

its construction in order to evaluate the soundness of a

particular design or to provide concrete evidence of the

need for engineering changes if laboratory tests on a model

%

should indicate weaknesses in a tentative design. Where a

large scale system has alreay been built, the ability to

predict overall performance is not as important. However,

in this situation certain unexpected features of operational

behavior in the large system may become evident. If they

do, then further study may be required to establish confi-

dence in the existing system or to determine the necessary

changes which will eliminate any of these features which

are found to be undesirable. In cases such as this it may

be more convenient, realistic, and economical to simulate

the actual system with a laboratory apparatus of smaller

size. There are some occasions when only a portion of a

system requires intensive study, and a scaled down labora-

tory model of an individual system component may allow



large numbers of experimental measurements to be obtained

rapidly and easily.

In order to exactly duplicate the behavior of a large

system with a corresponding laboratory model, it is required

that complete similarity be achieved. This can sometimes

be accomplished if fairly simple processes are involved.

However, the task of attaining complete similarity becomes

increasingly difficult when a number of physical phenomena

all occur simultaneously and interact with each other within

a single system. In the less complex situations it is

important that the simulation be made essentially exact in

order to maximize the usefulness of the laboratory data.

For the more complex cases, where exact simulation may not

be attainable, it is important to ascertain the limitations

of the laboratory simulation and to formulate a laboratory

program which minimizes these limitations as much as possible.

It is clear that the procedures outlined above can be

carried out effectively only if the similarity parameters

have been obtained and if the relationships between them

have been roughly established, perhaps by means of approxi-

mate analytical techniques or from previously obtained

experimental measurements. The second point is very important

if exact similarity cannot be achieved. In this situation

similarity should be maintained with respect to those

parameters which are dominant, and should be sacrificed

only with respect to those parameters which are known to have

a minor effect within the range of operation considered. The



present investigation was undertaken in order to provide:

i. A better understanding of the similarity rela-

tionships associated with some of the fluid

dynamics phenomena occuring in propellant and

oxidizer supply systems.

2. A basis for obtaining a given amount of needed

information from a minimum of similarity

experiments conducted with scaled laboratory

models.

3. A basis for obtaining maximum information from

a given number of similarity experiments conduct-

ed with scaled laboratory models.

4. A basis for suggesting improved techniques that

may facilitate future similarity investigations

whose goals are related to any of the three

items above.

Three major areas were selected for individual study in the

present investigation , and the results are reported herein.

These areas are briefly described as:

I. Single phase flow during discharge of liquids.

2. Two phase flow in the absence of heat transfer.

3. Fluid flow and energy transport in a confined

liquid subjected to heat transfer.



In each of these areas similarity parameters were obtained

by means of dimensional analysis. Analytical results,

based on approximate physical models, were derived and the

solutions were expressed in terms of the similarity para-

meters obtained. Finally, experimental measurements were

made in order to verify the significance and importance

of the similarity parameters obtained, and to establish

the validity and limitations associated with the approximate

analytical solutions.



SIMILARITY STUDIES OF GRAVITY AND PRESSUREDRIVEN

LIQUID DISCHARGE

In this section a study of gravity and pressure driven

discharge of liquids is described. A typical situation of

interest is illustrated in FIG. i. Attention is directed

toward the mass flow rate of the discharging liquid (m)

and its dependence on time, on the geometry and size of the

system, the liquid properties, pressure drop, and gravi-

tational field strength. The liquid is considered to be

initially at rest before the discharge process is started.

The studywas divided into three separate phases.

The first phase involved application of dimensional analysis

for the purpose of determining the pertinent dimensionless

parameters describing systems of the type shown in FIG. i.

In the second phase, analytical results based on various

physical models were obtained. The simplest of these models

yielded concise expressions which were readily evaluated

numerically, but accuracy was sacrificed since not all of

the physical effects were properly accounted for. The more

complex physical models were more accurate, but they also

involved more lengthy analyses. For these cases, digital

computer calculations were carried out in order to obtain

numerical results. In the third phase of the study, experi-

mental measurements were made in order to verify the
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significance and importance of the dimensionless parameters

obtained in the first phase, and to establish the validity

and limitations associated with the analytical results

obtained in the second phase. To facilitate the analytical

and experimental portions of this study, a more simplified

geometry (FIG. 2) was used.

In the discussion which follows a survey of related

research is summarized first, and then a description of the

important physical effects associated with the discharge

process is given. This is followed by the details of the

three study phases described above and appropriate compari-

sons of the results obtained.
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SURVEY OF LITERATURE

As mentioned earlier, one aim of the present research

is to investigate the possibility of predicting propellant

discharge rates for prototype rockets from tests on scaled

down models. The performance of a liquid fuel rocket depends,

among other things, on the rate of supply of fuel and oxygen

to the rocket engine. Scaling of rocket engines has been

discussed by Penner (Ref. i), who indicated that scaling of

chemical reactors with complete similarity is not possible.

For the liquid fuel rocket engines, scaling with loss of

geometric and dynamic similarity were considered. For small

scale units, Penner's analysis suggests a reasonable approach

to the interpretation of experimental data. It was concluded

that once the relationship between the various parameters

has been established from a large number of experiments,

rational scaling to larger units should be possible. The

present investigation is mainly limited to a consideration

of the supply rates of fuel or oxidizer to the engine.

The discharge of containers through ofifices and pipes

has been studied for many years by hydraulic engineers

(Ref. 2, 3), whose main aim was the design of water supply

tanks. Pure gravity discharge is encountered in such designs

and Bernoulli's Equation (Ref. 4), with emperical corrections
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for the viscous and geometric effects (Ref. 5), yields

reasonably accurate results for the times and rates of

discharge. So, many of the modeling techniques developed

by hydraulic engineers (Ref. 6), were concerned with river dams,

spillways, open channel flows, etc, and little attention has

been paid to the problem of modeling rapid discharge of

containers.

One of the most powerful methods for dealing with such

problems is Dimensional Analysis. This technique yields the

similarity parameters involved, through an application of

Buckingham's _ - Theorem (Ref. 7), in that it groups the

pertinent variables into appropriate dimensionless parameters.

Though dimensional analysis gives the dimensionless parameters

involved, it does not give the form of dependence among these

parameters. Neither can it predict which of the parameters

are significant and which of them can be neglected. Some-

times it may appear that conflicting requirements must be

satisfied for scalin_ from which it may be prematurely

concluded that no scaling is possible a£ all. For example,

in the case of ship motion it turns out (Ref. 8) that for

geometrically similar hull shapes, the dimensionless drag

coefficient is giver by

W
C D - = f[_,F,Re)

_SV 2
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where _ = Fineness coefficient
V2

F = Froude Number for the flow -
gL

Re = Reynolds Number -pVL

This relation implies that if _, F, R are the same for two

geometrically similar shapes, C D must be the same. If the

V2

same fluid is used, to keep F - gL constant, the velocity

must decrease with decrease in model size, whereas to keep

R = pVL the same, V must increase with decreasing model

size. However, the practical possibility of scaling tests

for ship hulls stems from the fact that the drag can be

separated into two parts, one depending on the Reynolds

Number and the other on the fineness coefficient and the

Froude Number. Hence, dimensional analysis must be

supplemented by experiment, experience, and mathematical

analysis wherever possible.

There is another problem. Sometimes it is very

difficult to match one of the non-dimensional parameters.

A case in point is the Reynolds Number in the wind tunnel

testings of aircraft models (Ref. 9, 10). In such instances,

the models are tested at a Reynolds Number which is different

from the full scale one, and the results are extrapolated

using some known behaviour. Flanigan and Putnam (nef. ii}

discuss the principles of similitude in fluid flow and

classify modeling programs into four general catagories as
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(a) diagnostic;

(b) predictive;

(c) developmental

(d) basic.

As was suggested in their paper, the application of modeling

to practical problems usually involves more than one category.

The problem of scaling and testing of distorted models for

valid scale model work was discussed by Ezra (Ref. 12).

Various methods for distinguishing the independent and

dependent similarity parameters and finding the relationships

between them were suggested there Methods for scale model

work, even when one or more independent parameters cannot

be scaled and when there _s no knowledge of mathematical

relationships between the independent and dependent variables,

were given by Ezra. In short the problem treated in this

report involves a twofold attempt to:

(i)

(ii)

match the relevant non-dimensional

parameters for scaled down and full

scale rocket propellant containers

so that the non-dimensional mass

flow coefficient remains the same, and

predict its variation with each

of the other parameters.

The problem at hand is that of modeling the discharge

of a cryogenic fluid. In the most general terms, two phase
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flow of a stratified fluid, with cavitation and heat

transfer, through multiple outlets from a single tank is to be

considered. In addition, the effect of varying gravitationa<

field is to be considered, though this may be hard to

simulate. The processes involved are very complicated,

with numerous effects to be taken into account. For instance,

Roudebush and Mandell (Ref. 13) consider pressurization of

a liquid hydrogen tank during outflow. It can be easily

seen from the assumptions, the final equation obtained and

the parametric analysis carried out in that paper, how

complicated an apparently simple problem of pressurizing a

container becomes when dealing with cryogenic fluids. The

dimensional analysis for this problem, carried out by Nein

and Thompson (Ref. 14) indicates that the dimensionless

pressurant mass is dependent on at least 9 n - factors.

Clark (Ref. 15) has reviewed the literature regarding the

various problems (pressurization, stratification, and

interfacial phenomena) involved with large rocket propellant

tank systems. Fischer (Ref. 16) presented the conditions

for similarity for two phase flows with simultaneous heat

transfer. He concludes that for two two-phase flows to be

similar not only the characteristic Reynolds, Euler and

Froude numbers for the individual phases must be the same

in the two flows, but also the density and the dynamic

viscosity ratios for the two phases in both flows must be

the same.
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In summary, it can be said that although there have

been numerous investigations with regard to individual

phenolnena, further attention is needed with respect to the

modeling of rapid discharge of a cryogenic fluid from a

container. This is the aim of the present investigation.
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PHYSICAL EFFECTS

FIGURES 1 and 2 illustrate systems studied in this

research. Forces act on the fluid to produce fluid accel-

eration during the discharge process. The various kinds of

forces, and the corresponding two types of fluid acceleration

that result from the action of these forces, are indicated

below.

Forces

Boundary Forces

Gravity Forces

Forces due to External
Pressure Drop

Viscous Forces

Produce

/

Acceleration

Convective Acceleration

Local Acceleration

The boundary forces (forces perpendicular to the walls)

are sufficient to prevent the fluid from moving normal to the

boundaries, the structure being considered rigid. Downward

gravity and the external pressure drop (from the top to the

bottom of the fluid column) contribute to downward acceleration

of the fluid column, while viscous forces impede this

acceleration. Convective acceleration is associated with
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the change in velocity of a fluid particle as it travels

from a region of one velocity into a region having a

different velocity. Thus, convective acceleration can be

produced even if the flow is steady. Local acceleration of

the fluid is associated with the time varying, or transient,

condition of the flow. This acceleration, at any point in

the system, is equal to the time rate of change of velocity

at that point. The two acceleration contributions, when

added together at any particular point in the system, give

the actual acceleration of the fluid particle passing through

that point at a particular instant of time. In each of the

analyses which follow, the physical effects accounted for are

indicated, and errors produced by omitting certain physical

effects are evaluated.

In general, the pressure drop across the system,

(PI - P2),' may possibly vary with time. The effective

gravitational field, g, may also vary in accordance with

changes in vehicle thrust. If local pressures are low

enough cavitation may occur. Surface tension effects may

conceivably be important if the system dimensions are small

enough. Also, in practical applications the valve setting

may vary with time. This, however, amounts to a time

varying change in the system geometry and is beyond the

scope of this report. In order to keep the discussion

brief, _P and g are taken as constants. Additionally,

surface tension, phenomena associated with cavitation, and

variable valve settings are omitted.
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DIMENSIONAL ANALYSIS

In this section dimensional analysis results are

given along with discussion to illustrate how these results

are related to the physical effects discussed in the pre-

vious section. The systems illustrated in FIGS. 1 and 2

are considered. For all geometrically similar systems only

one length is needed in order to specify all other length

dimensions for a particular enclosing container. For

example, D/d and L/d are fixed constants for geometrically

similar containers, and h/D is also a constant for any class

of similarly shaped containers having similar liquid geome-

tries at the start of the process. Thus, for all systems

having a prescribed initial geometr_ for both the container

and the liquid, it is only necessary to specify one length

parameter in order to fix the size of the system and all

of its dimensions. For this situation, the mass discharge

rate (FIG. 1 or FIG. 2) is related to the fluid properties,

the system dimensions, the effective gravitational field,

and the time elapsed from initiation of discharge. Thus,

m = f(p, g, AP, _, h, t). (1)
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The variables are listed below, along with their dimensions

in terms of mass (M), length (L), and time (T_.

Symbol Par ame te r Dimen sion s

-I
fn mass flow rate MT

-3
density ML

-2

g gravitational field LT

aP pressure drop ML-IT-2

kinematic viscosity L2T-I

h initial fluid height L

•t time T

Use of Buckingham's theorem and the repeated variable

technique (see Appendix A) results in the following di-

mensionless parameters.

• dimensionless mass flow rate

t
, dimensionless time

h
, ratio of pressure head to initial hydrostatic

he_d

, a characteristic Reynolds number
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Since the discharge diameter d has a fixed value

relative to h for all geometrically similar systems, h has

been arbitrarily replaced by & in those instances where its

use produces greater physical insight, but this does not

represent an increase in the number of parameters beyond

those given in equation (i). Along the same lines, numerical

values have also been inserted for the purpose of attaching

more direct physical meanings to some of the quantities

contained in the dimensionless parameters given above.

(_d2/4) is the discharge area, /2-_ is the velocity attained

by an object initially at rest which falls freely through a

distance h under the influence of gravitational field g, and

2_/g is the time of free fall. The resulting relation among

the dimensionless quantities is written as

,_d 2 " '

(2a)

Consideration of systems of the type indicated in

FIG. 2 having different geometries (as specified by various

values of d, D, and L for a given value of h) gives three

additional length ratios. Equation (2a) is correspondingly

modified to account for these geometrical changes and is

rewritten as

t AP/p____gg d/__/__h h D
= F , , ' d' d'

,_d 2. /2h/g h
p tTj

(2b)
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A procedure for obtaining this more complete result is

given in Appendix A. Equation [2a) represents the results

for a class of systems all characterized by similar geometry

as specified by a fixed set of values for h/d, D/d, and L/d.

In the experimental portion of the investigation it

was found that the height of the liquid surface could be

measured more conveniently than the mass flow rate. It is

therefore appropriate to consider the dimensionless ratios

associated with the time variation of the liquid surface

height, y. Application of the dimensional analysis procedure

indicated above gives

Y = G t , AP/pg d_

h 2/_.h/g h '
(3a_

and

Y = G t AP/pg

h 2h/g ' _'h

(3b)

as alternate expressions for equations (2a) and (2b} res-

pectively.
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ANALYSIS

In this section various analyses are carried out which

vary in complexity, in the geometry associated with the

system being studied, and in the physical effects which are

accounted for. The liquid is considered to be incompressible

for all of the cases studied. For each situation the simplest

possible analysis is carried out first, and the additional

complexities are subsequently added so that the relative

magnitude of each physical effect can be illustrated for

various operating ranges.

Liquid Discharge Through an Opening

Consider the system shown in Fig. 3 which represents a

special case of that shown in Fig. 2, that is, the case of

L/d = 0. For the initial study of this system the pressure

drop, (PI - P2 )' is omitted, while viscous and local ac-

celeration effects are neglected. The physical effects

accounted for are indicated below.

Forces Fluid Acceleration

[]

[]

[]

Boundary Forces

Gravity Forces

Forces due to External

Pressure Drop

Viscous Forces

[]

[]

Local Acceleration

Convective Acceleration
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FIG. 3 GEOMETRY AND COORDINATE SYSTEM FOR ANALYSIS

OF LIQUID DISCHARGE THROUGH AN OPENING.



23

The analysis associated with the above conditions is based

on quasi - steady flow (since local acceleration is neg-

lected) in the absence of viscous effects for zero pressure

drop.

It is assumed that the velocity of the fluid is constant

over any cross-section. Also, the surface of the fluid is

assumed to be horizontal at all times. The discharge mass

flow rate m is given by paY2, and continuity requires that

pAV 1 = paV 2 (4)

where V 1 and V 2 are the fluid velocities at locations 1 and

2 respectively. For the conditions indicated in the table

above• Bernoulli's equation applies. Thus,

1 Vl 2 1 2P1 + p g Y + 2 P = P2 + 2 P V2 (5)

For the coordinate system shown V 1 dy and V 2 A dy• = - d--t = - --

Since P1 = P2' equation (5) becomes

a dt"

2 2

1 dy 1 A dd_{t) (6)P g y + _ O [ _-_) = _ P I- _

Solving for dy/dt gives

dy
I_ /2 g y (7)dt = -

w ere =
geometry of the system.

q

11 , a parameter depending only on
the

Note that the negative sign appears

because y decreases as t increases. Integration of equation

(7) yields



24

t dt =
0

Iy d__yy. (8)

Finally,

t

I 2 h8 g

which relates the instantaneous height of liquid to time

after initiation of discharge. Equation (9) can be re-

written as

(9)

z= t )
h

(io)

which shows that the instantaneous height is related to time

parabolically. Also, this result implies that the total

discharge time is (8g_h).2h These results are represented

graphically in FIG. 4. Notice that equation (i0) contains

the two dimensionless parameters predicted by equation (3a),

y/h and t . The two remaining parameters in equation (3a)

/ H/g
do not appear in equation (I0) since effects of pressure

drop and liquid viscosity have not been considered in the

present analysis.

The instantaneous rate of discharge is 0A

dy
where _ is given by equation (7). Thus,

(' d_t)

m= 0 A /2 g y (ii)
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But from equation _9),

/_gy = /_h- gt (12)

Therefore, equation (ii) becomes

• [ ]m = pA /_h gt
-_ - s .

Rearrangement of this equation provides the result in

dimensionless form, which is

(13)

j [......]_ (A] m = 1 1

@ -_[ ).
(14)

For systems having fixed geometry, _i - (a/A] 2 and 8 both

have constant values so that [ m ] is purely a

_d 2 ]L ]

function of l-_l according to equation (14). This is in

agreement with the dimensional analysis result given in

Ap/pg and
equation (2a). Equation (14) does not contain h

d/2-_ because the preceding analysis was carried out only

for the case in which AP = 0, while viscous effects were

omitted.

A plot of equation (14) is given in FIG. 5 which shows

that the predicted discharge rate decreases linearly with

time. This decrease with time is associated with the drop-

off in the hydrostatic head y, (which corresponds to the

gravitational driving potential) as liquid is removed from

the container.
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A simplification of equation (14) is possible when

a/A<<l. For this situation 8_(A/a) 2 - i_, and equation (14)

reduces to

t ]. (15)

(_d2_

The process studied and described in this report involves

the behavior of a liquid, initially at rest, when it is

discharged from a container. This implies that the initial

flow rate (at t = 0) must be zero. Although the actual flow

rate may in reality rise very rapidly with itme, the inertia

of the fluid prevents acceleration to the maximum flow rate in

zero time (as indicated in FIG. 5). On this basis the model

analyzed in this section is physically unacceptable, at least

for small values of time. During this initial time period

local acceleration effects, not considered in the above analysis,

are appreciable when the fluid accelerates from rest. An

analysis which considers these aspects is given in Appendix B.

The physical effects accounted for are indicated below.

m

[]

[]

Forces .... Fluid Acceleration ....

Boundary Forces

Gravity Forces

Forces due to External

Pressure Drop

[] Local Acceleration

Convective Acceleration

Viscous Forces
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The above description includes the inertia of the fluid

as associated with the time varying, or transient, condition

of the flow. The corresponding analysis (Appendix B) is

based on transient flow in the absence of viscous effects

for zero pressure drop. The results are shown in FIG. 6

and 7. The fluid is at rest initially, and all of the

curves exhibit a zero discharge velocity and mass flow rate

at t = 0. For small discharge openings (a << A and 8 >> i)

the flow accelerates rapidly, with respect to the total dis-

charge time, and the system behavior, after the initial

brief period of acceleration, closely approximates that

predicted previously (FIG. 4 and 5). For larger discharge

openings the flow is considerably retarded over relatively

longer times due to the inertia of the fluid during its

initial period of acceleration. However, the predicted

total discharge times are, for all practical purposes, fairly

independent of B except in the range where 8 decreases to

values smaller than 2. Even though the fluid inertia retards

the flow initially for these situations, it also has the

effect of maintaining the flow rate at higher values during

the deceleration period so that the overall discharge time

is almost unaffected.

FIGURES 6 and 7 can be used to ascertain the range of

usefulness of the results given in FIG. 4 and 5, which do

not account for local acceleration effects. For many typical

situations (where _ >> i) predictions based on the quasi-steady
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flow model (FIG. 4 and 5) are quite adequate for engineering

purposes. FIGURES 6 and 7 show that although the inertia

effect tend5 to retard the discharge initially, there is very

little overall effect on the height versus time curve or the

total discharge time unless _ is small, that is, unless the

discharge area, a, is of the same order of magnitude as the

container area A.

Now that the effect of fluid local acceleration has been

evaluated for AP = 0, it is appropriate to study the discharge

process under the influence of a pressure difference, AP,

which is not zero. In order to isolate the qualitative effect

of such a pressure difference, and to keep the analysis simple,

both viscous and local acceleration effects are ignored. The

latter implies that the results will not be accurate for very

small time values and also that 8 must be somewhat larger than

one for the results to be valid physically over most of the

transient period (see FIG. 6 and 7). The effects which are

considered are summarized below.

Forces Fluid Acceleration

[] Boundary Forces

Gravity Forces

[] Local Acceleration

Forces due to External

Pressure Drop [] Convective Acceleration

[] Viscous Forces
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For the conditions indicated above equations (4) and (5)

apply, but in this case P1 and P2 are not equal. Therefore,

equation (6) is corrected to include AP, and the procedure

indicated in equations (7) through (14), modified to include

the AP term, yields

Y = 1 - 2 _/i + AP/pg . (l_]t
h . h _" ---

/2-h/g

l t )
+ (_ - ¢_/g

-(a/A) 2 _d 2_ = l +
PC 4 ,,

(15)

(1 t ) (16)
s _/g

Notice that equations (15)< and (16) are in agreement with the

dimensional analysis results given in equations (2a) and

(3a) respectively, with three of the four dimensionless

groups appearing explicitly in each of the analytical expres-

sions above. Equations (15) and (16) do not contain d/2gh
V

because the preceding analysis does not account for viscous

effects. The two quantities, _i - [a/A) 2 and 8, which appear

have fixed numerical values for any particular geometry.

The results given by equations (15) and (16) are

illustrated in FIG. 8 and 9 along with those given previously

in FIG 4 and 5 for the case of AP/pg _ 0 The predicted
• h "

liquid height still decreases parabolically with time, but

at a faster rate than that which occurs in the absence of a

pressure drop. The total discharge time is correspondingly
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reduced. The flow rate still decreases linearly with time

due to the dropoff in the hydrostatic head y (gravitational

driving potential) as liquid is removed from the container.

In each of the analyses considered thus far viscous

effects have been neglected. Also, it has been assumed that

the streamlines are all perpendicular to the cross-sectional

area at the location of the opening (FIG. I0). Under certain

conditions, which depend, in general, on geometry and on a

Reynolds number associated with the flow, the discharge

stream may contract to a smaller diameter as shown in FIG. ii.

For this situation the streamlines at the discharge opening

are not all perpendicular to the cross-sectional area of the

opening. At the location where the streamlines do become

perpendicular to the cross section, the area of the stream is

somewhat reduced. Both viscous effects (FIG. i0 and ii) and

the contraction effects (FIG. ii) tend to retard the flow.

They can be accounted for in a conventional manner (Ref. 4)

and are now superimposed upon the treatment yielding the

results summarized in the previous paragraph. The correspond-

ing physical model is based on the description below.

Forces Fluid Acceleration ......

[]

[]

[]

Boundary Forces []

Gravity Forces

Forces due to External

Pressure Drop

[]
Viscous Forces

Local Acceleration

Convective Acceleration
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In the analysis which follows fluid local acceleration

effects are omitted _or the sake of simplicity. The remain-

ing physical effects considerea in this report are all

accounted for, at least approximately. The viscous retardation

of the flow is specified by means of a velocity coefficient,

Cv, and a contraction coefficient, C c (see Ref. 4 ). The

reduction in flow rate due to both effects is specified in

terms of a discharge coefficient, CD, which is the product

of C v and C c. Typical values of these coefficients (obtained

from Ref. 5 ) are indicated in FIG. 10 and ii.

The discharge coefficient is the ratio of the actual

discharge rate to the idealized rate predicted for the same

situation, but with viscous and contraction effects omitted.

Thus equation (ii), which gives the idealized rate for a

given liquid height y when Ap = 0, is altered to

The effect of a non-zero pressure drop has also been included

in the idealized rate expression (in brackets) as was done in

the previous analysis. The procedure indicated by equations

(7) through (14), when carried out with the discharge coef-

ficient included, yields results identical to those given

by equations (15) and (16) except that 1/8 is replaced by

CD/B. These results are

AP/pg CD C D 2h_ = 1- 2 + h [8- " t I + [ t 1 (18)
/_-_/g 8 /_-_/g
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" a 2 m =C D 1 + _- (CD t ] (19)

FIGURE 12 shows the variation of C D with Reynolds

number (based on total head), as given by Vennard (Ref.18),

which is applicable to quasi-steady flow conditions when

D

y/d > 5 and for _ >>i. When y/d_ 1 or smaller• the lowering

of the liquid surface into the vicinity of the outlet

obviously causes considerable variation in the fluid stream-

line pattern at the exit. Thus, for small values of y/d

some deviation from the C D curve of FIG. 12 can be expected_

Since (_] h y= (_)(_) this implies that even when d/_gh _,

and Ap/pg
h are held constant, various values of C D can be

obtained by varying h• _ in the operating range where ( )" (_]

D

is small. Also, the curve of FIG. 12 applies only if _ >> i.

When d is large, approaching the value of D, the cylindrical

container wall affects the streamline pattern in the vicinity

D
of the outlet, so that C D varies with _ in general. This

can be expected on the basis of C D values obtained for flow

through an orifice in a tube full of liquid (FIG. 13), a

situation which is not quite the same as the case discussed

here, but is somewhat similar.

On the basis of the discussion above, it is clear that

C D is somewhat dependent on h/d and D/d in addition to the

dimensionless ratios appearing in the abscissa of FIG. 12.
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Therefore, all of the dimensionless parameters given

initially in equations (2b) and (3b) are appropriately

included in the results given by equations (I_) and (19) 1 .

However, the results given by equations (18) and (19) are

not exact in general since C D was assumed constant through-

out the discharge period in their derivation. In reality

C D may be expected to vary somewhat with time as y decreases

(FIG. 12). Despite this fact, use of a constant C D value

for an entire transient run can be expected to produce

reasonably accurate results in many typical situations where

d/2-gh
_ + AP/pg remains somewhat above 104 throughouth

most of the discharge period (FIG. 12). In this case C D

is very close to 0.6 during the entire process (provided

that h/d >> I), except for possible changes in C D occurring

at the very end of the process (y/d_ _ or smaller) brought

about by an alteration of the flow pattern as the liquid

surface is lowered into the region of the exit.

On the other hand, for transient runs involving modified

Reynolds numbers (abscissa of FIG. 12) which drop from 104

or above down to about i00, increases in C D during the

discharge occur, from 0.6 to about 0.8. Furthermore, C D

can drop from about 0.7 to zero if the Reynolds number range

is at the lower end, say between i00 and zero (FIG. 12).

1 Note that L/d = 0 in this treatment, while a/A = (d/D) 2

4and 8 = - 1 in equations (18) and (19).



43

In this situation viscous effects become highly dominant,

and the strong varia÷.ion of CD would cause equations (18)

and (19) to be inaccurate. Thus, a word of caution is in

order with respect to the ability of equations (18) and (19)

to predict the actual discharge behavior for some operating

ranges. Even in the more severe cases, however, these

equations can yield fairly good approximate results provided

that a good estimate is made of an appropriate C D value to

be used with these equations. This may be difficult to do

for situations where the actual C D value varies drastically

over the discharge period, so that considerable experience

and sound judgement may be required to produce successful

predictions for these conditions.

For modified Reynolds numbers above 30 (abscissa of

FIG. 12), C D can be expected to lie between 0.5 and 1.0.

FIGURES 14 and 15 contain plots of equations (18) and (19)

which illustrate the retardation effect produced by C D

values corresponding to the lower Reynolds numbers (FIG. 12).

For a situation involving a variable C D during a discharge

process, an average C D value can be estimated (FIG. 12) in

order to obtain the approximate time variations of the

liquid surface height and mass flow rate (FIG. 14 and 15).

The corresponding actual curves would fall in the vicinity

of the idealized curves, plotted in the manner indicated

in FIG. 14 and 15, but would deviate somewhat in shape.
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Liquid Discharge Through a Tube

The previously presented analytical results apply to

liquid discharge through an opening (FIG. 3) and correspond

to the special case of L/d = 0. These results can also be

applied, when combined with certain additional procedures,

to discharge through a tube (FIG. 2) with L/d > 0. Equations

(18) and (19) give the results, based on quasi-steady flow,

which account for all of the physical effects except those

due to local acceleration. Recall that these effects were

found to be important only if the size of the discharge

opening approaches the cross-sectional area of the container

(8 approaching an order of magnitude of unity). If local

acceleration is not important, then equations (18) and (19)

can be used for prediction purposes provided that C D can

be determined with reasonable accuracy. Before directing

attention toward the determination of CD, it is appropriate

that the physical effects associated with the procedure

outlined above be indicated. These are summarized below.

Forces Fluid Acceleration

[]

[]

Boundary Forces

D
Gravity Forces

Forces due to External

Pressure Drop []

Viscous Forces

Local Acceleration

Convective acceleration
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for viscous %ffects by means of a head loss, hL.

relation is

P1 + pgy + ip VI2 = P2 + i p V22 + h L

Application of Bernoulli's equation to the system shown

in FIG. 2 gives a modified form of equation (5) which accounts

This

where the liquid surface height, y, is measured from the

exit location. Equation (6) is correspondingly modified to

account for AP and hL, and equation (ii) becomes

__ pA
/2g(y + AP/pg - hL) .B

(20)

If the discharge stream should be c_,,tracted at the exit,

this relation is further altered to

_ = Cc __PA _2g(y + AP/pg - h L) (22)

The definition of CD, given previously by equation (17), is

m = CD pAA /2g(y + AP/pg) . (23)

Combining equations (22) and (23) gives

(y + AP/pg) =
h L

1 - CD2/Cc 2

(24)

Now the total head loss is composed of the entrance head

loss, h , due to the reduction in cross-sectional area at the
e

inlet of the tube, and the frictional head loss, hf, due to

(21)
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viscous effects within the discharge tube. Thus,

hL = he + h f (25)

These two head loss components are givenby

2
V2

he = K 2g
(26)

and

L V22
hf = f d 2g (27)

K is the entrance loss coefficient (Ref. 4 ) and f is the

Darcy-Wei_b_ch friction factor for flow in a tube (Ref. 4 ).

The total head loss is

L V22
hn = (K + f _) 2-g-- " (28)

Since m = paV2, equations (23), (24), and (28) can be

combined to give

C
CD = c (29)

- (a/A) 2 c

Over most operating ranges encountered, K is about 0.5

(Ref. 4). The friction factor, f, is dependent upon the

Reynolds number of the flow in the tube and can be obtained

(Ref. 4) from the Moody Chart (FIG. 16). This information

for K and f applies onl_, if the liquid fills the tube, in

which case C = i.
c

L
For very short tubes, f _ is negligible
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compared to K and equation (29) gives C D = 0.82 for C = 1
2 c '

K = 0.5 and (_) << i. This value of C D is in good agreement

with the nominal value of 0.8 given for short tubes by

Vennard (Ref. 18) and agrees exactly with the nominal value

for discharge through an opening in the absence of contrac-

tion given in Ref. 5. The latter situation occurs in

some instances when the thickness to diameter ratio of the

opening is not negligible, so that the opening really

corresponds to the case of a short tube (FIG. i0). If

contraction occurs so that the liquid does not fill the tube

L

< 1 (see FIG ii) and fcrossection at the exit, then C c

should be eliminated from the generalized relation for C D

given by equation (29). For this case C c is a little larger

than 0.6 for most typical situations, and K is normally

only slightly greater than zero (see FIG. Ii).

FIGURE 17 shows curves for CD, plotted according to

equation (29), for C = 1 and a/A << i. In generating these
c

curves K was taken to be 0.5 and f was obtained from FIG. 16.

Notice that the resulting C D values are strongly dependent

on L/d, but they do not vary appreciably over a large range

of the Reynolds number. This implies that C D is relatively

constant even if m varies during a transient discharge

process provided that the Reynolds number remains in this

range. Strictly speaking, C D can be shown to depend upon

D/d and y/d as well as the Reynolds number and L/d. This

can be expected on the basis that K depends somewhat on D/d

and on y/d, if y/d is small, in addition to varying with
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the Reynolds number (recall discussion of C D for flow

through an opening contained in the previous _ection).

In oraer to obtain approximate analytical results

equations (18) and (19) are used (recall that C D is assumed

constant over the discharge period). FIGURES 18 and 19

show typical results which correspond to L/h = 0.5, plotted

_P/p_
for C D equal to 0.35 and 1.0 and for two values of h "

According to FIG. 17 the C D range covered by these plots

corresponds to values of L/d up to about 250.

An analysis which accounts for the additional effect

of local acceleration is presented in Appendix C. The

physical effects accounted for are summarized in the follow-

ing table (see diagram in FIG. 20).

Forces Fluid Acceleration

[]

[]

Boundary Forces

D
Gravity Forces

Forces due to External

Pressure Drop []

Viscous Forces

Local Acceleration

convective Acceleration

The results of the analysis, under the assumptions

mentioned in Appendix C, are presented in FIG. 21 through

30. From equation (C4) and FIG. 21 through 30, it can

be seen that the dimensionless liquid height, or analogously

the dimensionless mass flow rate, is a function of the
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dimensionless parametersgiven by the initial dimensional

analysis (equations (2b) and (3b)). It should be noted that

the skin friction coefficient cf (which is ¼ of the friction

factor "f" introduced in equation (27) is a function of the

Reynolds number d/2gh9 . The assumption that cf is a constant

is justified in view of the fact that the variation in the

discharge velocity is not too large (except for a very short

period during the initial acceleration). The results are

plotted so that the influence of each of the five dimension-

less parameters on the variation of dimensionless liquid

height and dimensionless mass flow rate with dimensionless

time can be easily seen. FIGURES 21 and 22 indicate that

except for small values of _8 (i.e., relatively large dis-

charge areas) the variation of 8 has very little effect,

just as in the case of the orifice discharge (FIG. 6 and 7).

FIGURES 23 and 24 show the reduction in discharge times and

increase in the mass flow rates with increasing pressure

drop. FIGURES 25 and 26 show the retarding effect of friction.

It can be noted that unless the viscous effect is large

the time of discharge is always lower with a tube than with

an orifice (without viscous or geometric effects). This is

to be expected because the head in case of discharge through

a tube is larger, and consequently, the velocity of discharge

is higher than in the case of discharge through an orifice.

FIGURES 27 and 28 indicate the physically reasonable trend

that tubes with large diameter take less time to discharge
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than tubes with relatively smaller diameter. FIGURES 29 and

?0 show the effect of the length of the tube on time of

discharge. As the value of L/h becon_es larger, the time of

discharge becomes shorter.
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EXPERIMENTAL MEASUREMENTSAND COMPARISONS

In order to verify the analysis conducted in previous

sections, numerous experiments were performed. The data

obtained were put in non-dimensional form and compared to

theoretical predictions. This served several purposes.

Comparison of experimental results and theoretical predictions

indicate the validity of any simplifying assumptionsmade,

and in what flow situations these assumptions are justified.

They may also indicate situations in which the analytical

methods do not apply, and where further analysis is needed.

Finally, they serve to verify the significance and importance

of individual system parameters.

Apparatus and Procedure

The discharge containers used for experimental purposes

are illustrated in FIG. 2. Two separate containers, of

different diameters, were used. Both containers were equipped

with discharge tubes of various lengths and diameters. Orifice

type openings of several diameters were employed. This

arrangement allowed each geometric parameter to be varied

independently of any other geometric parameter. For instance,

the discharge tube diameter was varied while all other system

dimensions remained fixed. As another example, various
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initial fluid heights, h, were used, while all other

geometric parameters were kept constant. Numerous experimental

runs were made, varying one geometric parameter for ea_b

particular series of experimental runs.

Variable external pressure drops were also used. This

could be accomplished by increasing the container air supply

pressure, PI' above atmospheric pressure, or by reducing the

discharge pressure, P2' below atmospheric pressure, or by

combinations of both. Tests were also conducted with no

external pressure drop, for the case where P1 = P2"

Thus, it was possible to conduct experimental runs

using various initial fluid geometries and external pressure

drops while varying only one of these parameters for any

given experimental run. Fluid properties and the gravitation-

al field were constant in these experiments.

The objective of the experiments was to determine mass

flow rate for any given combination of parameters. However,

in practice, it was considered more convenient, and accurate,

to measure fluid height as a function of time. The fluid

height versus time measurements were then fit to curves

using the method of least squares. With these curves, and

their corresponding equations, mass flow rates could be

computed. It was felt that this would give an accurate

methoa of obtaining mass flow rates compared to any of the

various flowmeter arrangements, and would not have the

disadvantage of disturbing the discharge flow pattern.
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Fluid height versus time measurements were carried out

both by visual and photographic methods. The visual measure-

ments were made by attaching g_aduated paper strips to the

exterior of the container _'all. The zero coordinate was

set at the initial fluid surface, and surface heights were

marked at fixed increments of time. This gave a permanent

record of the fluid surface decrease as a function of time,

which was converted to fluid height as a function of time.

For the more rapid discharge processes, photographic

methods were used. A high speed movie camera served to

photograph the discharge process. The camera operated at a

fixed rate of number of frames exposed per second. The

system was prepared for the experimental run, and the camera

set at operating speed. At the exact instant the discharge

process was initiated, the lighting system was actuated,

thus fixing the initial frame at which the discharge process

was started. Fluid height as a function of time was obtained

from the film. This was done by counting the number of

frames which were exposed during the period from the initia-

tion of discharge until a particular fluid height of interest

was reached. The number of frames exposed were then converted

to elapsed time by employing the camera speed. This procedure

gave fluid height as a function of time, as in the cases

where visual measurements were made.
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Determination and Verification of CD Values

The fluid height versus time data were fitted with

curves using the method of least squares. The resulting

equation gave fluid height as a function of time. This

equation could be differentiated in order to obtain instan-

taneous mass flow rate. The actual fluid heights and mass

flow rates were then reduced to non-dimensional form.

Several assumptions were made prior to making the

curve fit. The equations based on the assumption of quasi-

steady flow were used. This seemed justified by the fact

that the values of 8for the experimental model were much

greater than one. The lowest value of 8 encountered was

eighty. Previous analysis showed that the approximation of

quasi-steady flow to describe the process would result in a

negligible error. The values of the discharge coefficient,

CD, were also assumed to remain constant during the discharge

process. This resulted in the determination of a mean value

of the discharge coefficient for the entire transient run.

Previous analysis, see FIG. 17, indicated that this was a

valid approximation provided the value of the Reynolds

number based on the discharge opening diameher and velocity

was not too low. Calculations based on the idealized flow

equations predicted that the Reynolds number to be encountered

in the experiments would be on the flat sec_onof the CD
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versus Reynolds number curve shown by FIG. 17.

Subsequent comparisons of the raw data cnd the least

squares cur_e, based on the assumption of quasi-steady flow

and constant discharge coefficient, showed negligib3e deviation

of individual raw data points from the least squares curve.

The equation for the instantaneous fluid height, y,

as a function of time is given by

1 [ ] ½ +_!l gt 2 (30)y = h - _ 2g (h + AP/0g) 2 2
8

and when the discharge coefficient, CD, is introduced it

becomes

c0[ ] c02t2y = h - _-- 2g(h + AP/pg) ½ + 82 2
(31)

This equation was used, in conjunction with experimental

data, to determine the values of C D. Substitutions were

made to simplify equation (31) for computational purposes.

New variables were defined as follows

(32)

and

(33)S = (h + AP/pg) ½

With these terms, equation (31) is written as

y = h - 2SBt + B2t 2 (34)



73

For a given initial fluid height and external pressure

drop, h and s were c-_nstants. The values for instantaneous

fluid height, y, and time, t, constituted the experimental

data. With this information available it was possible to

determine B using the method of least squares. The details

of this procedure are outlined in Appendix D. When B had

been determined, the value of CD could be obtained, since

it is

CD = B • B_
(35)

The mass flow rate could be determined, because it is the

product of the discharge area, discharge velocity, and

discharge coefficient. All of these values had been

determined.

= C D • a • dd-{t{A 1 (36)

After the actual instantaneous heights and the instan-

taneous mass flow rates had been determined, they were reduced

to the appropriate non-dimensional forms as given by equations

(18) and (19).

While the case of liquid discharge through an opening

was studied in analyzing the possible flow situations, and

thus insight gained of the discharge process, in practice,

orifice flow was encountered in few experimental situations.

The fluid was found to fill the discharge area for all ratios

of L/d greater than 1.33 except for high values of the
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discharge Reynolds number. For values of the L/d ratio

greater than two, no cases of orifice flow were encountered.

Thus, the primary interest in the experiments centered on

the process of liquid discharge through a tube.

Values of discharge coefficient were determined for

various L/d ratios from two to two hundred fifty and Reynolds

numbers in the range of 1.6 x 104 to 3.5 x 105. Typical

experimental values of CD are shown superimposed on theoretical

values obtained from equation (29), see FIG. 31.

Results of Surface Height Measurements

Experiments to determine instantaneous fluid heights

in the container were conducted using the methods discussed

previously. A series of experiments was conducted varying

each geometric factor and the external pressure drop inde-

pendently. These data were then reduced to non-dimensional

form. The results of non-dimensional height versus time

measurements are shown by FIG. 32 through FIG. 62. Indi-

vidual raw data points are shown on these figures.

The fluid height versus time measurements were then

fit to curves using the method of least squares. This resulted

in sets of emperical equations which expressed instantaneous

fluid height as a function of time. These equations were

differentiated in order to determine instantaneous fluia

velocities. The instantaneous mass flow rate was then

computed and non-dimensionalized. The resulting curves are

_hov_n in FIG. 33 through FIG. 63.
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CRITERIA FOR TWO-PHASE FLUID FLOW

IN ABSENCE OF HEAT TRANSFER

During high speed discharge of liquid propellant tanks,

localized low pressure areas are caused by both geometric

factors and fluid flow conditions. Such environments may

generate two-phase fluid conditions that seriously affect the

transfer rates in the propellant system.

An investigation into the physical aspects of the two-

phase incepLion in the absence of heat transfer leads to the

formulation of a parameter which can be used to predict the

phenomenon of cavitation. This parameter, the cavitation

index _, is first verified experimentally as a test of the

basic physical theory, and then it is applied in the form of

the non-dimensional parameters derived for the discharge of

a propellant tank in the absence of two phase flow. In such

a way, the basic similarity transformations are used as an

indication of the susceptibility of a given discharge system

to cavitation.

This report is mainly concerned with the extension of

the basic cavitation parameter to the similarity parameters

of the discharge systems and the subsequent applications.
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SURVEYOF LITERATURE

Cavitation has been widely investigated with respect

to practical problems such as pump impellers and hydrofoil

shapes. Each analysis was centered on the parameters

specifically applicable to the problem such as blade pressure

coefficients for impeller type pumps and pressure-reduction

coefficients for airfoil profiles. The team of Hall and

Wislicenus (Ref. 20) published a general but complete study

on scale factors affecting the similarity conditions of any

liquid flow.

Starting from Thoma's law of similarity, gH is given by

Hsv
- const. (37)gH - H

where H is the total head of the machine and H is the totalsv

suction head above vapor pressure, the basic requirements
L

of a similarity analysis are discussed. After the cavitation

number g,

Po - Pv
(38)

- 2
1/2 _ V

o

they discuss the Reynolds number characterized by the ratio

of the inertia and viscous forces, the Froude number giving

the ratio of the inertia and gravitational forces, and the

Mach number for compressibility and note that different sets
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of conditions are necessary for each parameter to be maintained

constant. Considerations of surface irregularities, relative

roughness, dissolved gas concentration and local effects are

al_o discussed.

Hall notes a distinction between the appearance of

cavitation under a diminishing pressure and the dissappearance

of cavitation under increasing pressure (Ref.21). Thus

defined are the incipient and desinent cavitation numbers

respectively.

• = incipient cavitation no.

a d = desinent cavitation no.

_d h _i as shown by Hall.

Kermeen (Ref.22) and Hall and Treaster (Ref.23) came to

similar conclusions concerning the significance of the previous

history of the fluid with incipient and desinent cavitation.

In a more specific sense, Kamiyama (Ref.25) concluded that

the longer the region of minimum pressure to which a fluid

was subjected, the easier became cavitation inception.

The existence of the dual cavitation numbers prompted

researchers to investigate what effects dissolved gas content,

surface roughness, surface tension and the flow history of

the liquid had on cavitation. Hall and Treaster (Ref.23)

associated the incipient and desinent cavitation as a hysterisis

affect with a measurable cavitation-delay time. Unfortunately

the complexities of the problem allowed for only an explanatory

investigation of this effect.
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A study by Kamiyama yielded data for cavitation in pipe

bends with the possibility of direct applicaticn to propellant

lines. Generally, a head loss coefficient defined for nun-

cavitating flow as

iPl - P2 + Yhd
= = loss coefficient (39)

1/2 PVo 2

and a similarly defined loss coefficient, _c'

conditions were taken as a ratio:

under cavitating

8 = _c/_ (40)

The parameter 8 did not appreciably ipcrease as long as the

cavity did not develope over 0.8 - 1.0 times a defined

channel width. This indicates the relative amount of cavitation

in a propellant line which would not seriously affect the flow.

Also listed were experimental values for a critical cavitation

number which corresponded to a choked condition in the

apparatus.

Local heat transfer properties affecting cavitation

were discussed by Stahl, et al., (Ref.26) for the specific

problem of a centrifugal pump. The results and analysis can

be generalized for any cavitation problem and are noted

under a later part of this report.

In summary, it can be said that the numerous investiga-

tions have given sufficient background to apply the theory

of cavitation in a similarity analysis of the discharge of

fluids from propellant tanks.
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PHYSICAL EFFECTS

Cavitation is defined as the formation of vapor and

gas filled voids in a liquid due to a local pressure reduc-

tion resulting from flow dynamics. Potential flow theory

of a pure liquid indicates that minimum pressure will occur

on a boundary for some given value of the ratio,

Po - Pminimum

1/2 PVo2

The quantity Po is a reference static pressure and V ° is a

reference velocity usually taken at the same point where P
o

is obtained.

For a liquid which cannot support a tension, cavitation

can be assumed when the minimum pressure equals the vapor

pressure. Thus the cavitation number, o, is defined as

p - p
o yap

o - (41)

1/2 PVo 2

Classical similarity theory indicates that the conditions

of cavitation in similar systems will be identical if the

systems have the same value of the cavitation number. Although

this theory holds true in a general sense, some departures

have been noted.
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Consideration of the surface tension of the liquid

leads to a modification of the assumption that cavitation

appears as soon as the local pressure reaches the vapor pressure

of the liquid. For a single spherical bubble, thermodynamic

equilibrium requires that

2
_r .[Pv - P£]. = 2_ r_ (42)

where

pressure difference becomes,

is the surface tension of the liquid. Thus the

This requires that the pressure inside the bubble must be

greater than that of the liquid for the bubble to exist.

Since a basic assumption is that of thermal equilibrium, the

liquid must be superheated to allow the vapor bubble to

achieve equilibrium. The magnitude of the super-heat is

dependent on the size of the bubble within the liquid.

From the form of the equation, (43), it is obvious

that as the radius becomes smaller a larger degree of super-

heat is required. This leads to the conclusion that for

cavitation, the presence of gas bubbles dissolved within the

liquid serve as the nuclei of the subsequent vapor bubble

formation. Without the initial nuclei, estimates indicate

that tensions in the range from 500 to 10,000 atmospherea must

exist for cavitation to occur.

_ 2_ (43)
Pv - P£ r
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A further refinement of the nuclei theory involves

consideration of the gas partial pressure inside the nuclei.

Thus the previous equation of equilibrium becomes

2_

Pg + Pv - P£ - r (44)

where P is the gas partial pressure. This term will be
g

significant only at cavitation inception when the nuclei is

beginning to expand. For a constant mass of gas in a nuclei

at constant temperature,

P = K/r3- (45)
g

_ K 2a (46)
so that P£ - Pv r 3

For a minimum value,

P£ - Pv Pmin

a critical radius

%

r = rmi n = (23--K] (47)

-4_
or rmi n = (4 8)

3 - Pv]

is defined which is necessary for cavitation inception. The

negative sign indicates that the critical pressure is below

the vapor pressure.
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The theory of gas bubbles acting as cavitation nuclei

can also be extended to include pockets of undissolved gas

trapped in flows or crevices of a solid which can be mico-

scopic in size. For this reason it appears that the concentra-

tion of cavitation nuclei per unit volume may be important

only in regions not near a solid boundary where crevices and

other surface irregularities cannot act as cavitation nuclei.

Gilmore and Plesset have shown that in regions far from a

flow boundary, the concentration of nuclei is a significant

variable only when every nucleus acts as a cavitation center;

that is, when impurities and the gas bubbles are low in

volumetric concentration (Ref. 34).

Local heat transfer effects cannot be neglected

during the boiling process of cavitation. The latent heat

of vaporization must come from the liquid.

The necessary flow of heat can take place only when

the liquid temperature is above that corresponding to the

saturation temperature at the corresponding pressure of the

region of cavitation. This consideration require% as did the

surface tension consideratio_ that a certain degree of super-

heat is required for cavitation.

Let this amount of superheat _ AT.

Thus Ahf = Cp AT is available for vaporization of

the liquid (c = specific heat of liquid).
P

If it is assumed that thermal equilibrium is restored,

a heat-balance, written for a unit mass of liquid flowing,
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becomes

let

thus

m
Ahf = --_--g "mf Afg

V vf

Ahf = --_ Vg hfg

V

F = _ - relative vapor ratio
Vf

v c AT
r =___H__ P_£____

vf hfg

(49)

(50)

(51)

(52)

The following parameters are derived for a given

control vo]nme:

hf = enthalpy of the liquid

hfg = heat of evaporation

m = mass of vapor generated
g

mf = mass of liquid

v = specific volume of vapor
g

vf = specific volume of liquie

V = total volume of vapor
g

Vf = total volume of liquid

A look at the steam tables provides an insight into

the physical significance of the superheat.
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T Pvap Vg hfg hf

59.3 0.25 1235.3 1060.3 27.36

64.5 0.30 1039.5 1057.4 32.52

201.96 12.0 32.40 976.6 109.96

202.16 12.05 32.28 976.5 169.76

400.95 250 1.8438 825.1 376.00

400.97 250.05 1.8435 835.08 376.02

635.82 2000 0.1878 463.4 671.7

The observations are listed below:

i. For a given fluid bulk temperature of 59.3°F, a

local pressure depression of 0.05 PSI yields a superheat of

5.2°F.

2. The same pressure depression of 0.05 PSI at a bulk

fluid temperature of 201.96°F will give a superheat AT of

only 0.2°F; and at a bulk fluid temperature of 250°F the

same pressure depression yields a superheat of only 0.02°F.

3. The difference in enthalpy of water per degree F

is essentially the same at 59.3, 201.96, and 400.95°F.

4. The specific volume of the vapor at 59.3°F is 38

times larger than v at 201.96°F and 670 times larger than v
g g

at 400.95°F.

Therefor% for the same pressure depression more heat

is available for vaporization at lower temperature% and the

specific volume decrease at increasing temperatures indicates

that the process of cavitation is much more severe at

temperatures far below the critical temperature than near the

critical temperature of the liquid.
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ANALYSIS

The following assumptions are made:

i. The liquid is incompressible.

2. Surface tension and viscosity effects are

negligible.

3. The partial pressure of the gas in the

dissolved gas bubbles has no effect on the

cavitation.

4. Sufficient cavitation nuclei are available

such that the concentration is not a limit-

ing parameter.

5. Cavitation occurs when the local pressure

reaches the vapor pressure of the liquid.

The classical similarity theory states that the

cavitation conditions will be similar in two "similar"

systems with "similar" flows if the cavitation number,

p - p

o v is the same.
a - 2'

i/2pV o

The previous analysis for the discharge of the

propellant tanks yielde_ among others, the following dimension-

less groups.
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z , mass flow rate =

P 4

h i
<atio of pressure head to initial

hydrostatic head =
2

characteristic Reynolds no. =

Combining these groups with the system analysis yields

cavitation number described for the type of discharge system

being investigated. Thus

_2 - _2v (53)
o - 2

where _2v is defined with the vapor pressure.

The cavitation number o plotted against a Reynolds

number on logarithmic coordinates yields a straight line

relationship when downstream conditions remain constant.

For the discharge system, this corresponds to a constant back

pressure. Placing the Reynolds number in the form of the

non-dimensional parameters yields

Re = pVd = _i _3 (54)

Thus the usual parameters _r describing cavitation

are shown in the particular dimensionless relationships for

the discharge of propellant tanks. Similarity states that they

should describe conditions accurately until the inception of

t_o phase flow.
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EXPERIMENTALMEASUREMENTSAND COMPARISONS

b

A schematic diagram of the experimental facility is

shown in FIG. 64a. Instantaneous pressure readings taken at

stations 0 and 1 permitted calculation of a and Reynolds

number values.

From the relation,

1 VI2 + - P1 (55)2-g P = Po PZo

the cavitation number is

PI - P vap (56)

Po + P Zo - P1

The geometry of the system yields,

PVlD 1

Re I = (57)

or

001 (Po + PZo (58)

where D 1 = diameter of pipe at station i.

The obtained values of a and Re are tabulated in

comparison with the theoretical values. Data for two

different geometries are listed on page 122.

In FIG. 65 a photograph of the test section is given. FIGURE

66 contains a close-up photograph showing the onset of cavitation

along the wall for the double round geometry.
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•,_----,FROM PRESSURE RESERVOIR

DISCHARGE
TANK

STATIC
PRESSURE

PROBE

FLOW CONTROL
VALVE

TO VACUUM
RESERVOIR

TEST
SECTION

FIGURE 640 SCHEMATIC DIPGRAM OF CAVITATION EXPERIMENTAL
FACILITY



TABLE OF VALUES, DOUBLE ROUND

TEST GEOMETRY

].22

Re _Theoretical aExperimental

284,000

274,800

277,600

272,400

301,200

295,200

295,200

304,800

298,400

290,400

298,400

298,400

290,400

6.36

7.35

6.50

6.75

6.71

6.89

6.96

6.75

6.26

6.63

6.80

6.83

6.57

6.77

6.39

6.40

6.59

6.72

6.75

6.87

6.95

6.74

6.64

6.64

6.86

6.86

6.61

6.85

Re

188,400

182,000

175,000

185,600

176,000

176,000

185,600

185,600

185,600

175,600

185,600

185,600

176,000

TABLE OF VALUES, RECTANGULAR

(SHARP EDGE) GEOMETRY

_Theoretical

20.4

20.4

23.5

20.3

21.9

23.2

20.2

19.7

19.2

23.7

20.0

19.5

21.4

_Experimental

13.6

13.5

15.7

13.5

14.6

15.4

13.6

13.2

12.8

15.4

13.9

13.1

14.4



123 

FIG. 64b TEST SECTION 

FIG. 64c OMSET OF CAVITATION 

L- 
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The close agreement between theoretical and experimental

values of a for the double round shape indicates the cavitation

parameter can predict the onset of cavitation for systems

where the Bernoulli equation assumptions are maintained.

The spread between the _ values for the sharp edged shape

shows that the analysis cannot be used accurately for such

situations.

Similarl_ considerations were listed which permitted

the development of the cavitation number and the Reynolds

number in non-dimensional parameters describing the discharge

system up to the inception of two-phase flow.

The description of physical effects showed that the

closer a liquid is to its critical temperature, the less

effective are the conditions aiding cavitation inception.

It has also been noted that the longer the liquid is exposed

to low pressures of magnitude approximating the vapor

pressure, the easier becomes cavitation inception when the

liquid pressure equals the saturation pressure.
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HEAT TRANSFERSIMILARITY IN STRATIFYING

FLUIDS IN THE ABSENCE OF PRIMARY FLOW

The discharge of a fluid which is initially stationary

within a vessel has been described in a preceeding section.

The discharge rate, m, was explained to be a function of

fluid properties, such as density, p, viscosity, _, etc. The

analysis of gravity and pressure driven liquid discharge was

simplified by the assumptions of constant properties and

temperature.

For a small body of fluid contained in a vessel with a

small temperature gradient across the container walls the

constant bulk temperature assumption is justified. However,

when the volume of the fluid and the temperature gradient

become large, the bulk temperature will not be the same at

different locations in the fluid. A non-uniform temperature

distribution is caused by the temperatur e gradients inducing

heat transfer through the walls of the vessel. The heat

transfer induces stratification within the body of the stationary

fluid, thus, setting up horizontal layers of fluid with different

densities and temperatures. The purpose of this investigation

is to study the stratification process as it occurs within a

fluid contained in a vessel. Before carrying out the analysis,

the stratification process will be described in steps as they

occur. This step by step operation is illustrated in FIG. 65.
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The temperature within the stratified layers is higher

than the bulk tempereture in the fluid below them. The

difference in temperature is dependent upon the gradient

across the walls of the veFsel. That is, the higher the

gradient, the larger the temperature difference between the

stratified layers and the fluid not yet stratified.

In the preceding analysis of liquid discharge the

assumption of constant properties and temperature was made.

In case of discharge of a stratified liquid the analysis has

to be modified to account for the variable properties result-

ing in a change of the mass flow rate of discharge. In order

to include the effect of stratification upon !iq,_ _h_ge

a prior knowledge of the stratification process in a fluid

in absence of primary flow is essential.

The procedure to be followed in the analysis starts

with the determination of the dimensionless parameters

governing the stratification process. The dimensional

analysis will be supplemented by an approximate mathematical

analysis which yields an equation relating the growth of

the stratified layer to the elapsed time. Experiments will

be carried out subsequently to check the validity of the

analytical results. The experimental apparatus was completed

while this report was being prepared.

It is appropriate at this point to discuss the pro_ess

of stratification in detail.
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For stratification to occur in a fluid, it must be receiving

heat. In the analysis the fluid receives heat by free

convection from the vessel walls, which are maintained at a

constant temperature. A free convection boundary layer exists

in the fluid along the walls. The fluid heated within the

boundary layer is subjected to a density change and rises along

the wall. At the same time, fluid is moved into the boundary

layer and rises as it absorbs heat from the wall. As this

heated fluid leaves the boundary layer it moves along the

surface to the center of the vessel where it meets the heated

fluid coming from the opposite wall. Upon meeting, they form

a plume moving downward into the bulk of the fluid. The

downward motion is soon arrested and reversed by buoyancy

effects. The warmer fluid in the plume then moves upward

and spreads outward to form a nearly uniform layer called the

stratified layer, as (a) and (b) of FIG. 65 show. Simultaneously,

a reverse shear layer is occurring, as shown by the darkened

area impinging on the boundary layer. The vorticity within

this layer tends to induce downward motion in the rising

fluid and across the fluid bulk under the stratified layer.

As the process proceeds, the reverse shear layer becomes less

pronounced since the stratified layer overcomes it by its

growth. Likewise, the part of the boundary layer congruent

with the stratified layer becomes very thin, as shown in FIG.65

(c). The process continues until the whole body of fluid

becomes uniform in temperature.
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SURVEYOF LITERATURE

The stratification process has been studied by a number

of investigators. An experimental investigation of the

stratification of a cryogenic fluid contained in a vessel was

carried out by Scott, et al., (Ref. 31). It was found that

the presence of a good heat conducting material eliminated

the stratification tendencies of liquid helium contained in a

nonventing Dewar vessel. Because of its practical importance

it is desirable to obtain a mathematical model of the

phenomenon. Such a model enables one to predict the details

of stratification for a fluid contained in a vessel.

A method of solving the exact equations for the motion

of the fluid particles would be quite complex. A technique

in which the bulk of the fluid is considered rather than each

individual fluid particle is much easier to comprehend.

Anderson, et al., (Ref. 32) gave a general mathematical

method for the analysis of the stratification in a contained

fluid. The vessel walls in this case were heated by

radiation. An exact method has been developed for specific

conditions. Barakat (Ref. 30) presents this method for the

description of the flow patterns during the stratification

process abstaining from simplifying assumptions.
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Ruder (Ref.29) discovered that the temperature profile

in the stratified la-ycr i_ similar in shape to a Gaussian

probability distribution function when the fluid is under

pressure. Tellep and HarFer (Ref. 28), using a cylindrical

container, analyzed the stratification of a liquid receiving

a constant heat flux from the surroundings.

Exact methods, as well as approximate methods, have

been obtained. However, an analysis which deals with a

constant wall temperature situation was not available. There-

fore, the investigation reported here was initiated, its aim

being to obtain a general relation between the growth of the

strat_ f_ I_,,_ =_A _I ....._ ...... _==_ time.
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DIMENSIONAL ANALYSIS

The results of the dimensional analysis for the strati-

fication process, carried out in Appendix E, are discussed in

this section. The system is illustrated in FIG. 66. The

depth of the stratified layer A is dependent on:

I. the elapsed time t

2. the physical properties of the fluid

such as density p, viscosity u,

conductivity k, specific heat c, and

thermal coefficient of expansion 8.

3. gravitational field g

4. the heat transfer rate which is

directly related to the temperature

gradient (Tw - Tb]

5. the dimensions of the vessel such as

the height H, the perimeter P, and the

area of cross-section As-

Thus, expressing the growth A mathematically,

A = f (k, _, c, t, g, 8, (Tw - Tb], H, _, P, As) (59)

The four basic dimensions needed to describe the above

parameters are mass, M, length, L, time, T, and temperature, 0.
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The parameters are listed below with their corresponding

dimensions.

Symbol Parameter Dimension

depth of stratified layer L

-3 -i
thermal conductivity MLT @

density ML -3

specific heat L2T-2@ -1

time T

gravitational field LT -2

coefficient of thermal
-i

expansion @

wall t_,ttperdtuze 9z_di_nt 0

height of stationary fluid L

dynamic viscosity ML-IT -I

heated perimeter L

cross-sectional area of L 2

fluid

A

k

c

t

g

8

Jm m %

_w-±b;

H

P

A
s

Using Buckingham's _ - Theorem (see Appendix E) the following

dimensionless groups were obtained.

A

H' dimensionless stratified layer thickness

A
P and s

j , geometry of container

t
dimensionless time
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g2_ [% _ %] H3
2 Grashof Number

Prandtl Number

gH

_Twc - %,,
ratio of potential energy to

thermal energy

pc3/2(Tw _ Tb]1/2H

k
, dimensionless diffusion of

thermal energy

Thus, no less than seven dimensionless groups influence

the stratification process. This fact serves as a guide for

the analysis to follow.
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ANALYSI S

It has been explained that an analysis based on the

motion of individual particles would be quite complicated.

A simpler method, which considers the bulk fluid is devised.

The aim of the analysis is to obtain a mathematical relation

which will give the thickness of the stratified layer, A, as

a function of time, t. Figure 66 shows the physical model

and the nomenclature. The detailed analysis is presented in

Appendix F. Both turbulent and laminar boundary layers are

considered. If the assumption is made that the heated

container walls contribute to the heating of the fluid only

where stratification has not yet occurred, then the growth

of the stratified layer is given by:

For turbulent boundary layer,

A_= 1 - exp. [-0 042 (Gr Pr) 2/5 8] (60)H

For laminar boundary layer,

A_= i - exp. [-I ii [Gr Pr) I/4 8] (61)H

%he resulting heat transfer rates and the times

required for the completion of the stratification process for

any given situation represent the lower and upper bounds

respectively.
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In obtaining these equations, itw_ assumed that a

boundary layer does not exist between the wall and the

stratified l_yer, and that the heat transfer in this region

could be neglected. Physically, however, the boundery layer

diminishes but does not vanish, and heat transfer is never

zero in this region. In fact, heat transfer at varying rates

occurs over the entire wall.

The dimensionless stratification thickness, _, is

plotted as a function of dimensionless time, 8, for

different values of the product (Gr Pr) in FIG. 67

The results of a numerical example where the

dimensionle_ __+_ +_ .... A __ ______IiUWII versus

the real time, t, in FIG. 68.
%
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In this final section the major conclusions resulting

from the first year of contract effort are given. In addition,

recommendations for further research, which evolved during the

course of the investigations, are outlined briefly.

CONCLUSIONS

Three major areas were selected for study in this

investigation. These areas are:

[A) Single phase flow during discharge of liquids

[B) Two phase flow in the absence of heat transfer

(C) Fluid flow and energy transport in a confined liquid

subjected to heat transfer

In each of the above areas, research was organized in accordance

with the following patter_:

I. Literature review and evaluation

2. Investigation of physical effects, dimensional

analysis, and mathematical analysis

3. Experimental verification

The literature review revealed the lack of a comprehensive

study on single and two phase fluid flow in the absence and

presence of heat transfer. The existing literature was

evaluated and was employed to guide the research described

in this report.

The physical effects associated with each of the

processes studied are described in the text. The similarity

parameters characterizing the relative magnitudes of these

effects were obtained. Mathematical analyses based on
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simplified physical models yielded concise solutions in most

of the cases treated• In the remaining cases digital computer

solutions were generated. All of these mathematical solutions

were plotted in terms of the similarity parameters obtained

previously by means of dimensional analysis.

Simultaneously with the analytical investigation

experiments were carried out for purposes of verification of

the analytical results. Experimental results from the discharge

study are given in FIGS. 31 through 63 and can be compared with

the analytical results presented in FIGS. 4 through 30.

Experimentally observed cavitation numbers are compared with

the corresponding analytically derived values for a range of

been constructed for verifying the analytical stratification

solutions. Experimental stratification data were obtained as

this report was being completed.

RECOMMENDATIONS

The following recommendations are suggested for the

completion of the present simularity study:

i) Graphical correlation of analytical and experimental

discharge results, and development of semi-empirical correlations

for engineering purposes.

2) Mapping of the limits of validity of the single phase

discharge results by means of the criteria established for

two phase flow.

3) Study of discharge of liquids over wide ranges of

temperature, and also for Cryogenic fluids.

4) Analytical and experimental investigation of local

fluid pressures and velocities during transient discharge.

5) Improvement of stratification analysis and obtaining

of verifying experimental data.

6) Study of discharge of a fluid which is stratified

due to heat transfer.
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APPENDIX A

Dimensional Analysis of Liquid Discharge

Equation (i), modified to account for variations in

geometry, is written as

= f(p, g, AP, _, h, t, D, d, L) (AI)

The variables are listed below, along with their dimensions

_,_ _-_:_-m= ,_= m_= (M), I_:_,_-_ tT._ _,_,_ _-_,_ (,-,,)

Symbol

P

g

AP

h

t

D

d

L

Parameter

mass flow rate

density

gravitational constant

pressure drop

kinematic viscosity

initial fluid height

time

container diameter

discharge diameter

discharge tube length

Dimensions

MT -I

ML -3

-2
LT

ML-IT-2

L2T-I

L

T

L

L

L

The variables (gh), p, and d are chosen as repeated

variables (Ref. 36). These are combined with each of the

other variables separately to form dimensionless groups. In



146

order for each group to be dimensionless, the exponents a,

b, and c must have specific values as indicated in the follow-

ing table.

Dimensionless Dimensions
group M L T

(ghapbdC (b+l) (-2a-3b+c) (-2a-l)

_P (gh) apbdC (b+l) (2a-3b-c'l) (-2a-2)

v (gh) apbdC (b) (2a-3b+c+2) (-2a-l)

h (gh) apbdC (b) (2a-3b+c+l) (-2a)

t (gh) apbdC (b) (2a-3b+c) (-2a+l)

D (gh) apbdC (b) (2a-3b+c+l) (-2a)

i

L (gh) 2pbdC (b) (2a-3b+c+l) (-2a)

In order to obtain dimensionless groups in the left hand

column, the M, L, and T exponents in each row must simultane-

ously be zero. For example, the first row gives rise to the

following:

Simultaneous Equations

b+l = 0

2a-3b+c = 0

-2a-i = 0

Solution

a =- 1/2

b= 01

c = -2

The dimensionless parameter associated with the first rcw

m
becomes . For convenience of physical interpretation

pd2g/_ -



147

this quantity is arbitrarily modified to In a
(_d 2

similar manner the diuensionless quantities associated with

the remaining rows of the table are obtained as ], *

d 2/2_ h t/_h D L
--' d' d , _, and _ respectively. Again it is con-

venient, for ease of physical interpretation, to replace

t 2_gh 1 d (t 2_gh td by _ (_] ] or . The final result is
d J' /_/g

written as

_d 2 /2-hYg' h ' _ ' d' d'

P[T]
(A2)



148

APPENDIX B

Analysis Based on Transient Flow in the Absence

of Viscous Effects for Zero Pressure Drop

In the analysis considered here transient flow condi-

tions are treated, and local acceleration effects are ac-

counted for. The system analyzed is shown in FIG. 3. For

1
simplicity the flow is assumed to be cne dimensional. It

is convenient in this case to apply conservation of energy

to a control volume surrounding the fluid remaining in the

container at any given instant of time.

Conservation of energy gives

Rate of increase of 1
fluid energy in the

container

+

Net rate

of energy

outflow

E

Rate of work done

on the fluid by

pressure forces at

boundaries where

fluid motion occurs. (BI)

1
A more exact treatment would involve the two dimensional

streamline pattern of the flow, and the local acceleration

effects would be more accurately evaluated by employing

the virtual mass (Ref. 37) of the fluid in the container

rather than the actual mass.
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where both potential and kinetic energies must be accounted

{or. When expressed in terms of symbols this relation

becomes

[d--_ [[pAy]g } + [pAy] + (paV2] = PIAVl - P2aV2] (B2)

Since P2 is chosen equal to P1 for this analysis and since

AV 1 = aV 2 from equation (4), the net rate of work done by

the external pressure forces (given by the right hand side

of the above equation) is zero.

V 2 =

Inserting V 1 = - dy/dt and

A dy makes it possible, after some manipulation, to
a dt

2

dt 2 -g + 2y (B3)

Notice that if a = A (or 8 = 0)]
2

a=A, 8 = 0. For this the situation reduces to the case

of a fluid cylinder of constant area A, and the equation (B3)

gives the acceleration as d2y/dt 2 = -g.

In general dy/dt = 0 at t = 0 (zero initial discharge

flow rate), and local acceleration effects dominate. Equa-

tion (B3) shows that d2y/dt 2_ -g for small values of time

when dy/dt is negligibly small. However, onze dy/dt becomes

sufficiently large the convective acceleration effect, as

8 2
indicated by the value of r]_d_./dtj2 in equation (B3),

2y

increases and the local acceleration effect, as indicated by

d2y/dt 2 decreases in magnitude
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For large values of 8 (a << A) the local acceleration

effect diminishes very rapidly when dy/dt is still quite

small. Once the local acceleration effect becomes negli-

gible equation (B3) predicts dy/dt = - i /_ gy ip agree-
' 8

ment with the result given in equation (7) for quasi-steady

Equation (B3) can be expressed in dimensionless form as

flow.

d2[y/h] = -282 {i 1 d[y/h] } 2

[ 2-_g] t ]d }(/ t ] 2 4(h_) d }( 2_/g

The above differential equation wa_ _olved by means of

(B4)

digital computer calculations. The results, for various 8

values, are given in FIG. _6. The dimensionless mass flow

rate values were obtained from the same program and are

given in FIG. 7.
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APPENDIX C

Analysis Based on Transient Flow for Discharge of a

Container Through a Tube

The system analyzed here is shown in FIG. 2. In this

analysis transient flow conditions are treated taking into

account local acceleration effects, viscous forces and

pressure drop. It is assumed that

(I)

(2)

(3)

the flow is one dimensional

friction effects in the container

are negligible so that the pressure

at the entrance to the tube is

given by Bernoulli's equation

the friction coefficient for the

flow through the tube is constant.

FIGURE 20 shows the system configuration at any instant

of time. In this case, it is convenient to apply conserva-

tion of momentum to the fluid within the control volume

(dashed line) surrounding the fluid in the tube.



Conservation of momentum gives

Rate of increase of ]momentum of the fluid I
in the control volume]

Netmemento] [Netorceactn]going into the + on the control (Cl)

control volume volume

Here the net force accounts for gravity, pressure and viscous

forces. Since the cross-sectional area of the tube is a

constant the velocity of the fluid within the control volume

is constant along the length of the tube and its rate of

d [pal [- A dy ]change of momentum is given by _-_ a dt) " Because

the amount of fluid entering the control volume at Q is the

same as the amount leaving it at R (by continuity), the net

amount of momentum entering the control volume is zero. By

assumption (2), the pressure at Q is given by P{ = P1 +
2

1 B2 dy
pg(Y - L) - _ p (_-_) . Finally, according to the third

assumption the frictional force on the control volume is

2
1 A dy

Notice that the friction coefficient cf introduced here

is analogous to the skin friction coefficient used for flat

plates. It is equal to _, where f is the conventional

friction factor for pipes given in equation (27). Hence,

equation (Cl) becomes
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d[ A [ L112dy2]dt paL (- a d-t) = P1 + Pg(Y - - 2P 8 [d-t]

[c ]+ Q gLa - f " _ [- a • _dL

a m

P2 a

(C2)

Dividing throughout by [-pAL], equation (C2) can be re-

arranged to yeild

d2y 8 2a 2cf A ( ] + Y =
dt 2 2LA + d a

[PI - P2 ] a
m

p AL

(C3)

...._ *_. loq_,__,...............h_*h_ _ame general character as eauation_ (B3)

of Appendix B and the conclusions about the relative import-

ance of local and convective acceleration effects remain

the same. The only difference between the two is that

equation (C3) has terms which account for an external

pressure drop and viscous forces whereas these have been

excluded in equation (B3).

Equation (C3) can be expressed in dimensionless form as

P1 - P2 82 a (C4)
( _gh ]2

* _ y * 1 t
where y - - and t - . This equation has to be

h 8 /2-_/g , dy *
solved with the initial conditions, y = 0 and ----_ = 0 at t

dt

= 0.
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Comparison of equation (C4) with the result of the

dimensional analysi_ given by equation (3b)shows that indeed,

the dimensionless liquid height (or alternately the dimen-

sionless mass flow rate) 9s a function of the dimensionless

parameters indicated in the dimensional analysis. Of course,

it should be noted that the skin friction coefficient cf

I= fl appearing in equation (C4) is essentially a function

of the Reynolds number, d 2/2_ appearing in equations (2b) and (3b)

L _2 *

Also _, the coefficient of a___[_ in equation (C4), is given

Equation (C4), with the indicated initial conditions

has been solved for various values of the dimensionless

parameters by the Fourth Order Runge-Kutta method with a

0.001 step. The solution is terminated when y reached a

L * L

value near _, because physically when y = _, the tank is

empty. The results are discussed in the text of the report.
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APPENDIX D

Method of Least Squares Curve Fitting Applied

to Instantaneous Fluid Height Measurements

The instantaneous fluid height, y, in a container

during discharge, based on quasi-steady flow theiry, is given

by

2

C D ½ C D gt 2
y : h-_- 2g(h+ AP/_g] +

_ 2

2

(DI)

as

and

This equation can be simplified by defining new terms

C D

B- 8 _ (D2)

s : [h + Ap/_g] (D3)

Equation (DI) can now be written as

y = h - 2SBt + B2t 2 (D4)

For a fixed initial fluid height and external pressure

drop, both h and S are known constants. The instantaneous

fluid height, y, and time, t, are determined experimentally.

With these data available, it is possible to determine the

value of B which gives the best curve fit.
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Equation (D4) is a curve of second order in the variable

t, which has a smooth curve fit.. Let Q be defined as the

sum of the squares of the deviations of the individual data

points from the curve give<_ by equation (D4).
7

n n

i=l I i=l

where the variables are defined as

Q = sum of the squares of the deviations

th
_i = deviation of i data point

n = number of data points

Yi = value of y at time ti given by equation (D4)

Yi = experimental value of y at time t i

in

Substitution of equation (D4) in equation (D5) results

2n

Q = Z Yi - [h- 2BSt. + B2t 2
i=l z i ] (D6)

It is desired to minimize the value of Q by adjusting

the value of B. This is done by taking the derivative of

equation (D6) with respect to B, setting the result equal to

zero, and solving for the value of B which results in a

minimum value for Q,

n 2

_Q [ 2 - (h- 2BSt. + B2t 2_B = 2B Yi l i ] = 0 (D7)
i=l
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Differentiation as indicated by equation (D7) and re-

arrangement result in

n 2
__QQ= B2 n 4 n 3 + (Bh + 2S2B] [ t_B _ ti - 3SB2 _ ti i

i=l i=l i=l

n n n

- B _ t. 2
i=l l Yi + S i=l[ t.l Yi - hS i=l[ t.l = 0

(D8)

This equation can be written as

G3B3 + G2 B2 + GIB + G o = 0 (D9)

where

n 4

G 3 = [ t.
i=l l

(DI0)

n 3

G 2 =-3S _ t. (DII)
i=l 1

n 2 n 2

G 1 = [h + 2S 2] [ t. - [ t. Yi
i=l 1 1i=l

n n

G O = S [ ti Yi - hS [ t.
i=l i=l x

(DI2)

(DI3)

The constants G o to G 3 are determined from the experi-

mental data as indicated. This gives B as the variable in a

non-homogeneous cubic equation. A useful method of determin-

ing the roots of equation (D9) is Newton's method (Ref. ].9).

The above system of equations has been programmed, enabling

the rapid determination of discharge coefficient, non-dimension-

al height and non-dimensional mass flow rates shown by FIG.

through .
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APPENDIX E

Dimensional Analysis of Stratification

in a Fluid Without Primary Flow

It was shown in the text of this report that the thick-

ness of the stratification layer, A, represented as,

- 1 sA = f (k, p, c, t, g, 8, (Tw T b , H _, P, A (El)

Listed below are the parameters "....wl_ their corresponding

dimensions in terms of mass, M, time, t, length, L, and

temperature, .

Symbol

A

k

P

c

t

g

8

(Tw- _'b )

H

P

A
s

DimensionsParameter

depth of stratification L

thermal conductivity MLT-30 -1

-3
density ML

specific heat L2T20-1

time T

-2
gravitational field LT

-i
c_efficient of expansion 0

wall temperature gradient

height of fluid contained in L

vessel

dynamic viscosity ML-IT -I

heated perimeter L

cross-sectional area of fluid L 2
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Equation (El) is rewritten in dimensional form

L = [MLT-30-1] a [ML-3] b [L2T-2_-I] c IT] d [LT-2] e

[0] g [L] h [ML-IT-I] i [L] j [L2] h

[@-l]f

(E2)

Since L alone exists on the left-hand side of equation (E2),

the sum of the exponents of the three remaining dimensions

on the right-hand side of the equation must sum to zero.

Accordingly, the sum of the exponents of L on the right-

hand side of the equation must sum to one. Listed below are

the four dimensions and their corresponding exponents summed

to the value as explained above.

Dimension

M

L

T

0

a + b

a - 3b + 2c + e

-3a - 2c + d + 2e

-a : c

+ i = 0

- f + g

+h- i+ j + 2k= 1

- i

These are four equations containing eleven unknowns; so four

of these unknown exponents must be solved in terms Of the

other seven. The exponents chosen are a, c, g, and h,

respectively. These exponents are found in terms of the

remaining exponents using the equations as given in the table.

Equation (El) can now be written as

A = (k)-b-i (p)b (e)3/2 b + i - e

= + 1/2 b - e + d/2 (H)
(Tw-Tb)

, ,i j ,. ,k
_, (P) _s j

+ d/2 (t)d (g)e (8)f

1 +b- d +e- j - 2k

(E3)
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All the parameters are grouped to yield:

-= (k
H

c3/2 " b[Tw-Tb]_/2H, _zl/2t[Tw_T _ I/2H-I )d

(c-lg (Tw_Tb ] -IH) e
f (cuk-1) i

(E4)

(pH -l)j (AsH-2)k

Equation (E4) shows that

pc3/2 (Tw_Tb ]I/2 H cl/2t (Tw_Tb ]1/2
A--=F
H k H

gn _ c p As

c (_w%)' _(_w%)' k' _' ] (E5)

Some of these seven _-factors on which _ depends can be re-

arranged to give other more familiar dimensionless groups.

A
Carrying out the manipulations _ can be written as

t u c p2g 8 (Tw-Tb] H 3 gH
B

HA- G _'H/g_' k ' _2 c (%-%]

_c3/2 [Tw-Tb]I/2H

k ' H ' H 2

(E6)
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APPENDIX F

Analysis of Stratification Growth

The objective of the present analysis is to obtain a

general relation between the stratified layer thickness, A,

and elapsed time, t, in the absence of primary flow.

The physical model to be analysed is illustrated in

FIG. 66. A fluid of initially uniform temperature Tbi is

confined in a rectangular container, two opposite walls of

which are kept at constant temperature, T w. The remaining

four walls are assumed to be adiabatic.

In order to simplify the problem, the following

assumptions and approximations are made.

i. The temperature distribution, T, in the

stratified layer is uniform and is equal

to the temperature of the heated walls, T w-

2. The boundary layer does not exist between

the heated walls of the container and the

stratified layer, thus the heat transfer

in this region can be neglected.

3. In the unstratified region, heat transfer

only takes place within the boundary layer.

The bulk temperature, Tbi , in this region

remains unchanged.
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where

•

.

The temperature in Z-direction is constant

in the stratified layer and equals the

heated wall temperature, Tw. It changes

from Tw to the initial temperature Tbi

across the "interface" between the

stratified region and the unstratified

liquid.

The film heat transfer coefficient, h, is

,
approximated as follows :

for Turbulent Boundary Layer (Gr Pr > 1010]

k (Gr Pr] 2/5H = 0. 021

for Laminar Boundary Layer [Gr Pr < 1081

k (Grprll/4= 0.555

= film heat transfer coefficien_ Btu/hr ft 2 F

k = thermal conductivity of the heated container

walls, Btu/hr ft F

H = height of the container, ft

Gr = Grashof number

Pr = Prandtl number

Strictly speaking this heat transfer coefficient h is valid

for the case of free-convection heat transfer fcom a vertical

plate at T surrounded in an infinite medium at T . See
Kr_t_"- .w . . ,,Frlnclp±es of Heat Transfer, Ref. (33).
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Refer now to FIG. 66, and consider the energy balance

of a stratified layer of thickness, A. The increase of internal

energy must equal the heat transfer f_em the he_ted walls to

the liquid during the time interval dt.

The increase of internal energy of the stratified

layer of thickness A is

where

= 0c {T w -Tbi j A dA (FI)q

p - density of the fluid at Tw, Lb/ft 3

c - specific heat of the fluid at T , Btu/Lb °F
w

_ oF
T w temperature of the heated walls,

Tbi - initial bulk temperature of the confined

fluid, OF

A - cross sectional area of the container, ft 2

dA - the increase of the stratified layer

thickness during the time interval dt, ft.

The heat transfer from the heated walls to the confined

liquid during the time interval dt is given by

where

q = CH- P ITw - Tbi) dt

- film heat transfer coefficient Btu/hr ft 2 F

H - height of the container, ft

A - stratified layer thickness at time t, ft

P - heated perimeter, ft

(F2)
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Equating equations (FI) and (F2), results in

pc ITw - Tbi I A dA = h (H - A_P (T w - Tbi I dt (F3)

Substitution of expressions for A and P into equation

(A = ab, P = 2b), yields

(F3) ,

1 2 h
dA _ dt (F4)

H-A apc

When the left hand side of equation (F 4) is integrated

from A = 0 to A = A, and the right hand side from t = 0 to

t = t, the equation

- in (-_) - 2 h t (F5)
apc

is obtained.

After rearrangement, equation (F 5) becomes

2 h t] (F6)
H_ = 1 - exp. (-ap---c

which relates the dimensionless stratified layer thickness

to time.

In the case of a turbulent boundary layer, equation

(F 6) can be combined with assumption 5 to yield the

following expression for the stratification growth,

1 - exp [-0.042 (Gr Pr} 2/5
a

= . 8] (F7)

where

t_
8 -

aH' a dimensionless time characterized by the

geometry of the container and the physical

properties of the confined fluid.



165

k
c'

thermal diffusivity of the fluid evaluated

at mean tem0erature , ft2/hr

is

For the case of laminar boundary layer, the expression

A = 1 - exp. [- i. ii [Gr Pr] I/4 8] (F8)

Numerical Example

For clarity and better understanding of the problem,

a numerical example with specified geometry of the container,

for a turbulent boundary layer, is presented below. The

results are plotted in FIG. 68. Stratification growth in

water, at Tbi = 60°F, confined in a container with heated

walls, at temperature Tw = 100°D is calculated. All the

properties are evaluated at the mean temperature, T m = 1/2

[Tw + Tbi] = 80o .

a = 0.25 ft

H = 1 ft

UCp

Pr - _ - 5.89

Gr = _-_ ATH 3 =2 24
_2 "

[Gr x Pr] = 1.32 × 1010 > 1010

5.68 × 10 -3 ft 2
_

a H 0.25 × 1 ft 2 hr

= 2.27 × 10 -2 i/hr

-6
= 6.3 × i0 i/sec

9
i0

turbulent boundary layer
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Substituting these values into equation (F7) and

simplifying results _n the following expression for the

dimensionless stratification thickness:

A_= 1 - exp. (- 0.0031 t)H

where the time, t, is given in seconds.

in FIG. 68.

This result is plotted


